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2children near the middle of the last century. Pretend
there are particles rotating within (and relative to) the
hoop with angular velocity !
c
. Further imagine the hoop




. Now remove the hoop since it is imaginary anyway.
The remaining particle motions constitute a beam with
a horizontal tune.
In Sec. II, the dynamics of the muon motion will be












where the magnetostatic and electrostatic elds are
given, respectively, by
B = curlA and E =  grad: (11)
For simplicity of presentation, we shall employ quantum
mechanics for describing the beam dynamics but we shall
not employ (for now) the spin dynamics which must be
treated with a Dirac Hamiltonian and requires somewhat
long and delicate spinor algebra[10, 11]. The full quan-
tum Dirac spinor algebra will be discussed elsewhere and
should serve as a more accurate quantum replacement for
the classical BMT equations[12].
In Sec. III, the coherent betatron frequencies will be
derived from the Hamiltonian Eq.(10). A physical de-
scription of the coherent betatron oscillations will be pro-
vided. In the concluding Sec. IV, the consequences for
the (g  2) analyses due to the corrected horizontal tune
theory will be explored.
II. QUANTUM BEAM DYNAMICS
The Hamiltonian in Eq.(10) may be considered to be









We also consider a coordinate system in the laboratory
frame in which the uniform magnetic eld vector is along







; 0) and B = (0; 0; B): (13)





























points from the cyclotron orbit center to the charged par-















The components of the cyclotron radius vector in Eq.(15)











The vector giving the position in the horizontal plane of













=  +R: (19)
The components of the cyclotron orbit center position











We note en passant as an example of a noncommutative
geometry[13] that the center coordinates R of the cy-
clotron orbit live in the noncommutative geometric plane
in virtue of Eq.(20). Finally, we have the vanishing com-
mutators:




] = [R; p
z
] = 0: (22)
FIG. 1: The electrostatic focusing eld pushes on a particle
in a cyclotron orbit of radius vector . The force causes the




with a radius R. As schematically shown
above, the resulting wobble in the particle orbit represents
the horizontal coherent betatron oscillation.
















+ e( +R; z): (23)











[( +R; z);R] : (24)
Thus, the center of the cyclotron orbit drifts with a
velocity which depends only on the electromagnetic elds










The method of deriving Eq.(25) using quantum mechan-
ics is due to Schwinger[14].



























































If the Hamiltonian in Eqs.(10) and (23) were treated
using classical mechanics, then the operator equations
of motion would turn into equations for particle orbits.
There is sometimes simplicity in orbital pictures. Note
that the classical orbital equations are recovered by re-


































= ev E: (32)
The quantum length scale for which the classical orbit
picture breaks down can be deduced from the noncom-
mutative geometry of the cyclotron center coordinate R.












For the muon experiments of interest L  2:010
 6
cm,
which allows for a classical orbit picture of high accuracy.
Even in the classical case, the decomposition r
?
= +R
of the position in the plane is crucial for understanding
the horizontal betatron oscillation mode.
III. COHERENT BETATRON OSCILLATIONS
To compute the betatron vertical and horizontal tunes,
one may expand the electric eld E(+R; z) in powers of







































z =  Qz: (37)
To this accuracy, the vertical betatron oscillation fre-






in agreement with Eqs.(4) and (8).













where Eq.(36) has been invoked. In the z = 0 plane, the

















in agreement with Eqs.(8) and (9); i.e. fromEqs.(3), (38)











The horizontal oscillation is depicted in FIG. 1. If
a particle is injected into the cyclotron at a somewhat
skewed angle, then the center of the cyclotron orbit will
be somewhat removed from the center of the cyclotron
machine. The instantaneous center of the cyclotron orbit




The small circular rotations of R induce a wobble in the




. If a particle is injected into the cyclotron with a
small velocity component v
z
normal to the plane, then




. Since, in virtue of Eq.(36), there is but
one electric eld gradient parameter Q, the two betatron
frequencies are not independent. They are related by
Eq.(41).
IV. CONCLUSION
On a phenomenological basis, the chiral asymmetry of
the muon decay is t to experimental[7] data by a func-









































and the extra loss of muons from unknown physical pro-
cesses are parameterized by
P
loss


























gives us condence that we have properly identied the
source of horizontal betatron oscillations. It is something




is so very close to being a \second harmonic" of
the anomaly frequency !

.
If one wishes to go beyond the phenomenological view



































). The interaction between








= (B     i
5
E  ): (49)
The electric eld coupling of Eq.(49) via E( + R; z)







ter into the kinetic energy E = Mc
2
 in Eq.(27) and also




) which rotate as
in Eq.(39).
The experimentally observed coupling of the chiral ro-
tation frequency !





is mainly due to the variation in R. This coupling to
R dominates the electric eld corrections to !

due to .
In assessing the electric eld corrections to !

[7], due
to the variations in the radius (r
?
= +R) of the beam
orbit, the eect was doubly counted: (i) The time varia-
tions in r
?
were rst counted in the function P
betatron
(t).
(ii) The time variations in r
?
were counted yet again as
a BMT electric eld correction. Leaving out the over
counting of the electric eld corrections makes the ex-
perimental need for non-standard model corrections to
the muon (g   2) less compelling.
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